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lnthispaper,wecomputethecharactertableoftheJohnsonschemebyusinga
generatingfunctionmethodThemainideaofｏｕｒａｐｐｒｏａｃｈｉｓｔｏｓｅｅｔｈａｔｔｈｅｇｅｎｅｒat‐
ingfunctionofthecharactersoftheJohnsonschemecanbeexpressedbytheGauss
hypergeometricfunction・Ｔｈｉｓｅｎａｂｌｅｓｕｓｔｏｏbtaintheexplicitformulaofthecharac‐
tersoftheJohnsonschemeThecharaｃｔｅｒｔａｂｌｅｏｆｔｈｅＪｏｈｎｓｏｎｓｃｈｅｍｅｉｓａlready
determinedin［l］byanalgebraicmethod,moreprecisely,byusingadeepresultof
therepresentationtheoryofsymmetricgroups、Onthecontrary，ourapproachis
analyticandelementary,ｓｏｔｈａｔｉｔｉｓｐｏｓｓｉｂｌｅｔｏｈａｖｅｍａｎｙａｐplications．
２Reviewofassociationschemesanddistance-regulargraphs
LetVbeafiｎｉｔｅｓｅｔａｎｄｑ／beanaturalnumber・Anassociationschemewithq/
classesisapair（Ｖ,(凡)にj二.)ｓｕｃｈthat
（i）（Rjルj≦ｄｉｓａｐａｒｔｉｔｉｏｎｏｆＶ×Ｖ，
（ii）尺｡＝{(ひ,zﾉ);ＵｅＶ}，
（iii）（ｚＭ)eRjifandonlyif（zﾉ,〃)ｅ凡(０≦ノニｑ/)，
（iv）therearenumbers6＄suchthatforanypair（ｚＭ)ｅＲ鷹thenumberofz(ﾉｅＶ
ｗｉｔｈ（〃,〃)ｅＲｉａｎｄ（z(ﾉ,zﾉ)ＥＲｊｅｑｕａｌｓ６$、
DefinetheO-1matrices(Ａｊルj二dofsizelV|×|VlindexedbytheelementsofVas
follows：
(2,）ん-(MMﾙ…AM-lI票離二町
Thentheaxiom(i)-(iv)ofanassociationschemearedescriｂｅｄｂｙ
（22）（i）ＺＡｊ＝/,(ii)AC＝1,(iii)`A,＝Ａ,,(iv)A`Aj＝･具`6$A雌，
whereIistheidentitymatrixand／isthematrixsuchthatalltheentriｅｓａｒｅＬＳｉｎｃｅ
６＄＝雌,itfollowsthatAiAj＝ＡｊＡｉＴｈｕｓ（Ａｊ)o≦j≦darelinearlyindependentand
generatea（ロノ＋1)-dimensionalcommutativesemisimplealgebraA．Thisalgebrais
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calledtheBose-MesneralgebraoftheassociationschemeLet(Ｅｊ)o≦j≦dbethesetof
allminimalidempotentsofAThenthereexistPがＥＣ(０ニノ,ノニゴ)ｓｕｃｈthat
（2.3）Ａｊ＝Ｚ伽E‘（０ニノニゴ)．Ｏ≦f≦d
Thematrix(ん)o≦`,j≦discalledthecharactertableoftheassociationscheme、
LetGbeaconnectedgraphwithverteｘｓｅｔＶ、Wedenotethegraphdistanceof
verticeszMﾉＥＶｂｙ汀(ｚＭ)anddenotethediameterbyq/､Ｆｏｒ〃ｅＶａｎｄ/(０ニノニ
α),ｐｕｔＳｊ(")＝{ＵｅＶ;〃(",zﾉ)＝/}・WesaythatGisadistance-regulargraphif
thereexist6j,ｃｊｅＺ+(Ｏニノニロ/）ｓｕｃｈｔｈａｔｌＳ巾)ｎｓ’十,(")|＝bjandlS化)nSj-，
(")|＝QforanyzMeVatdistancelr(",ひ)＝/Notethatco＝６.＝０andGisa
regulargraphwithvalency６０.Ｐｕｔαj＝bo-6j-Q(０ニノニゴ)．Ｔｈｅｎαj＝|S,(zﾉ)ｎ
ｓ,(")|where兀(ｚＭﾉ)＝/Define凡＝{(",ひ)ｅＶ×Ｖ;汀(ｚＭ)＝/｝ｆｏｒＯニノニQ/、
Thenthedistance-regulargraphGyieldsanassociationschemeW,(品川≦d)2).Inthis
casethematrixA1coincideswiththeadjacencymatrixofGFurthermoresinceaj＝
66,6j＝6b+ｌａｎｄｃｊ＝６６－，，itfollowthat
(2.4） ＡｌＡｊ＝bj-lAJ-,＋αjAj＋の+lAj+， (０ニノニゴ）
where6-,＝ｃd+,＝OThereforeifweintroduceasequenceofpolynimials(Pj(入)旭藝d
recursivelybyPo(」)＝１，，，(入)＝入ａｎｄ
（2.5）Ｑ+,加,(/{)＋αjpj(入)＋6j－１ルー'(ﾙｰｽpj(」）
ｔｈｅｎｗｅｃａｎｗｒｉｔｅ
（2.6）Ａｊ＝，八Ａ'）
(１ニノニα－１)，
(０ニノニロノ)．
Moreoverwecanchoose，ａｓｔｈｅｓｅｔｏｆａＵｍｉｎｉｍａｌｉｄｅｍｐｏｔａｎｔｓ，thesetofthe
orthogonalprojectionｓ（Ｅｊ)o≦j≦dtotheeigenspacesofA1､Notethattheadjacency
matrixA1ofadistance-regulargraphhasa＋１distincteigenvalues』0,入,,…,１．.Ｆｒｏｍ
(2.3)ａｎｄ(2.6),weconcludethat
（2.7）Ａｊ＝Ｚｐｊ(ん)Ｅ‘（０二ノーα)．Ｏ≦ｉ≦d
Consequentlythecharactertableoftheassociationschemecolningfromadistance‐
regulargraphisgivenby
(，j(ﾉﾙ))｡三Ａj二｡，(2.8）
where入０，入,,…,入daredistincteigenvaluesoftheadjacencymatrixand(，j(入)泥j≦dare
polynomialsdefinedby(２５）
３TheJohnsonassociationschemesandtheircharactertables
Let〃beanintegergreaterthanl，ａｎｄｌｅｔａｂｅａｎｉｎｔｅｇｅｒｓｕｃｈｔｈａｔｌ二Ｑノー〃－１．
WedenotebyVthesetofallsubsetｓＵｏｆ{1,2,…,"}withcardinalityl〃|＝q/；
TheComputationoftheCharacterTableoftheJohnsonSchemebyUsingaGeneratingFunctionMethod２７
Ｖ＝{ＤＣ{1,2,…,"};|Ｕ|＝｡/}．(3.1）
TheJohnsongraphノ(",。）ｈａｓｖｅｒｔｅｘｓｅｔＶ,wheretwoverticeszMﾉeVare
adjacentwheneverl〃ｎＵ|＝α－１.Notethatノ(，Ｍ/)ａｎｄノ(",〃－α)areisomorphic
underthemapwhichassignszﾉｔｏｔｈｅｃｏｍｐｌｅｍｅｎｔｚﾉｃｏｆｚﾉ．Ｓｏｗｅｍａｙａｓｓｕｍｅｌニロノ
ニ["/2lTheJohnsongraphノ(",q/)isnotonlyaconnectedregulargraphwithvalency
Q/(〃一ＣＩＩ)butalsoadistance-regulargraphwithdiameterq'2)ｓｕｃｈthat
（3.2）αj＝'Zノー2/2,6j＝(qr-/)(〃－.ﾉｰﾉ),cj＝/２（０≦ノニの．
Hencethesequenceofpolynomials(，j(」)岨二．ｉｎ(2.5)isdefinedby
仙脳芳測二ihuMJw+D〃…
Inthさsequel,leMbeaneigenvalueoftheadjacencymatrixA1oftheJohnsongraph
Theoreml．Ｔ/icgu"e伽ﾉﾂｚｇ〃"c"o〃ＧＡ(z)sａｔ城ＣＭ/DCC伽"αｿCycl/倣花"施肥9畑/0〃
q／FzUcﾉＭｚ〃jblPe；
（35）小)塾誓'+(Ｍ)(("-1)蔓十')箸十Ｗ-小川)G-0
ProofFrom(3.4),ｗｅｈａｖｅ
（36）Ｇ１(息)＝1塁djpj(入)尋~］
and
G化)＝,里`/(ﾉｰ')，j(/ｏｚｊ~３(3.7）
Consequentlywehave
（3.8）ごα(ご)＋Ｇ形)－」＝Ｚ（/＋l)2か,(比j、
１≦ｊ≦d-1
Applying(3.3)ｔｏｔｈｅｒｉｇｈｔｓｉｄｅｏｆ(3.8),ｗｅｈａｖｅ
（3.9）Ｚ（/＋1)2伽,(小j＝Ｚ（入＋2/２－”)pj(小’
’三ｊ三．－１ １≦’三．－１
－Ｚ（ロノーノ＋1)(〃－Ｑｌ－/＋l)pj-,(小j、
１コ≦ｄ－１
Ｔｈｅｆｉｒｓｔｔｅｒｍｏｆｔｈｅｒｉｇｈｔｓｉｄｅｏｆ(3.9)ｃａｎｂｅｗｒｉｔｔｅｎａｓ
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入囚乃(」)尋+２ヱノ(ﾉｰ1)，j(脈j+(2-"生息-1ゆj(川１≦j三．－１ ２≦ｊ≦ｄ－ｌ
Ｕｓｉｎｇ(3.4),(3.6)ａｎｄ(3.7),ｗｅｈａｖｅ
入(Ｇ１(z)－１－pα(比α)＋292(Ｇｒ(ご)－．(α－１),｡(肱α-2)＋(２－")ご(ＧＩ(ご)－QlDd(小d-l)．
Ｈｅｎｃｅｔｈｅｆｉｒｓｔｔｅｒｍｉｓｅｑｕａｌｔｏ
（3.10）２z2C化)－(〃－加G池)＋/1GA(z)－」＋("Qノー2ロノ２－入)ん(比｡、
Ｔｈｅｓｅｃｏｎｄｔｅｒｍｏｆｔｈｅｒｉｇｈｔｓｉｄｅｏｆ(3.9)ｃａｎｂｅｗｒｉｔｔｅｎａｓ
－Ｚ（d(〃－α)－ｿz/＋ﾉ2)，j(比j+1,0≦ｊ≦ｄ－２
ｗｈｉｃｈｉｓｅｑｕａｌｔｏ
－`("-Q/)息ｚｐｊ(小j+("-')ご’ヱルバル'一Ⅲ一三32≦皇-2/(ﾉｰ')ん(肱’一：Ｏ≦j三．－２ １≦ｊ≦ｄ－２
Ｕｓｉｎｇ(3.4),(3.6)ａｎｄ(3.7),ｗｅｈａｖｅ
－Ｃｌ/(〃－Q/)ご(Ｇ１(こ)-,.-,(肱d-1-山(脈｡)＋("－１)z2(Ｇ１(z)－(q'－１)山,(小d-2
-QIDd(北｡-1)－z3(Ｇｒ(z)－(ｄ－ｌ)(‘－２)山,zd-3-Q/(Qノー1)pα(小｡-2)．
Ｈｅｎｃｅｔｈｅｓｅｃｏｎｄｔｅｒｍｉｓｅｑｕａｌｔｏ
（3.11）－z3G化)＋(〃－１)z2G順)－．("－．)Ｇ１(z)＋(〃－２q/＋l)ルー,(小`．
From(3.3),(3.10)ａｎｄ(3.11),ｉｔｆｏｌｌｏｗｓｔｈａｔｔｈｅｒｉｇｈｔｓｉｄｅｏｆ(3.9)isequalto
（2z2-z3)Ｇ１'(ご)＋((〃－１)z２－(〃－２)ご)Ｇ肱)＋(ハーロノ("－Q/))Ｇ１(ご)－ん
Consequentlyfrom(3.8),weconcludethat
g(l-z)2Ｇｒ(z)＋(１－z)((〃－１)ご＋l)Ｇ順)＋(ハーロノ(〃－α))Ｇ』(ご)＝0．
Sothetheoremisproved/／
Corollary.｣ＤＭﾉｅ〃／
（3.12）似＝２－'("＋１－(("＋1)2＋4(ハー。(〃－口/)))'/2）
anddefineFI(9)ｂｙ
（3.13）Ｇ(ご)＝(１－z)似ＦＡ(ご)，
thenF川に)satisfiestheGausshypergeometricdifferentialequation
（314）小量)砦+(1-(〃"+D恵)鶚-い2-"+川川-０
SinceGA(ご)isapolynomialinzofdegreM,itisasolutionof(3.5)whichareregular
atz＝OFurthermoresinceGA(0)＝１，itfollowsfromthecorollarythat
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G』(ご)＝(l-Z);FH(－(ｄ－浬),－(〃－cノー似),l;ご)，(3.15）
whereingeneral2B(α,β,γ;ご）meanstheGausshypergeometricserｉｅｓＡｓｉｓｗｅｌｌ
ｋｎｏｗｎ，
(－(Qﾉｰﾉα)Ｌ(－(〃－Qノー似)ル２月(－(Ｃｌノー似),－("－Qノー似),1;ご)＝Ｚｊ三O
whereingeneral
Ｚ，い)２
(αルーα(α＋1)(α＋2)…(α＋ノー1)．
SinceG1に)isapolynominalinzofdegreeq/,itfollowsthaMmustbeanonnegative
integerand（－(ｑｌ－ﾉ(4)ルーＯｆｏｒｓｏｍｅノ(Ｏニノニロ/).ThisimpliesthaMmustbean
integersuchthatOニノ[z二ｄ・Thereforefrom(3.12)theeigenvalueAoftheadjacancy
matrixisoftheform」=んwhere
入似＝似２－(〃＋1皿＋ｄ(〃－Ｃｌ/） (０ニノα三Q/）(3.16）
Sowehaveobtainedalltheeigenvaluesoftheadjacencymatrixofノ(",のbyan
analyticmethodFurthermorefrom(3.15),ｗｅｈａｖｅ
（3Ⅳ）Ｇ化)-．里`･具j(-1)(ｻﾞ)(ﾂﾞﾆｹﾞ)(鰯ﾌ竺了仏)尋（に…）
andconsequentlywehave
(-1)(ｆ)(ﾂﾞﾆｹﾞ)("ﾌﾆﾌﾞ）必(Ｍ＝Ｚ0コ三Ｊ ｆｏｒＯニノ,ﾉα≦Cl/、
Summaringtheaboveresults,wehavethefollowingtheorem．
Theorem2．Ｔ/ICC/2αγzzc花γZZz肱ｃＷ/'２ﾉりん"so〃αssoc〃ｊ０〃Sc/ze”eノ(",Q/)たgjzﾉe〃
ｂｙ(，j(Ｍ)0≦j,…,ｚ(ﾉﾉDC”
(-1)(；)(ﾁﾆﾄﾞ)にニラ際） (０ニノ,/αニロノ)．，j(Ｍ＝z0コ三Ｊ(3.18）
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